Homework IV
Due Date: 04/04/2022

Exercise 1 (2 points). We consider a C? real solution u of the wave equation
Otu — 9%u =0,

in the cylinder C = {(t,x) : t > 0,a <z < b} C Ry x R,. Assume that u satisfies
the boundary conditions

u(t,a) = (Opu + Opu)(t,b) = 0.
Show that for ¢t > 2(b—a), u = 0.
Exercise 2 (3 points). (a) Assume E = (E', E?, E3) and B = (B!, B2, B3) solve
Maxwell’s equations

O:E =curl B, 9;B = —curl E,

{div B=divE=0.

Show that

O’E — AE = 9B - AB =0.
(b). Assume that u = (u',u?, u?) solves the evolution equations of linear elasticity

02u — pAu — (A + p)D(div u) =0, in (0,00) x R.

Show that w := div u and v := curl u each solve wave equations, but with differing

speeds of propagation.

Exercise 3 (3 points) Let u solve the initial-value problem for the 1D wave equation:
Ou—02u=0, in (0,00) xR,
(u, Ou)j4=0 = (g, h), onR.

Suppose g, h have compact support. The kinetic energy is k(t) := % Jg (Bpult, r))%dx
and the potential energy is p(t) = 1 [; (d,u(t,))” da. Prove
(a) k(t) + p(t) is constant in ¢.

(b) k(t) = p(t) for all large enough times .

Exercise 4 (2 points) Consider the linear damping Klein-Gordon equation,
O2u + Oyu — O*u +u = 0.
We define the following energy for solution
1
E(t) = 5/ ((0pu)? + (0,u)? + u?) da.
R
Show that
lim E(t) = 0.
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